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ABSTRACT In this paper, we propose an extended permanent magnet synchronous motor model that
incorporates a quadratic flux-current function to determine the polarity-dependent saliency and develop
a sensorless initial position detection method that is capable of polarity detection. The quadratic model
extension is based on the second-order Taylor polynomial of the flux-current function. We present the model
equations in both the stator- and the rotor-oriented reference frames as well as the Park and inverse Park
transforms of the quadratic terms and Hessian matrices. The transient behavior and the dependency of the
extended model on the rotor position have been validated. The proposed initial position detection method
injects non-modulated even square wave voltage signals and relies only on phase-current measurements.
We analyzed the effect of the pulse length on the errors of the position estimation and polarity detection.
‘We provide machine parameter-based approximations of the current components dependent on the rotor
position and, based on them, present a quantitative pulse-length design method.

INDEX TERMS Sensorless electric drives, saliency modeling, initial position detection, polarity detection.

I. INTRODUCTION
HE ever increasing industrial requirements in terms of
performance and efficiency have led to the adoption
of synchronous machines in a wide variety of applications
ranging from home appliances to electric vehicles [1]-[4].
Permanent magnet synchronous motors (PMSMs) are attrac-
tive candidates for high-performance applications because of
their high power density, high efficiency and high torque-to-
volume ratio as well as their suitability for constant power
operation over a wide speed range [5]. The motion control of
the PMSM drives is based on current and rotor position feed-
back, where the latter is necessary to maintain an appropriate
space angle between the stator and rotor fields [6]. To start the
motor without any unwanted vibrations and reverse rotation,
it is also necessary to determine the initial rotor position [7].
Conventional PMSM drives utilize a shaft-mounted optical
encoder or a resolver to determine the rotor position. In many
industrial installations, the presence of the shaft sensor may
substantially reduce the overall ruggedness of the drive; in
others, it may add significantly to the cost and size of the
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drive [8]-[10]. To design a more robust, cost-effective and,
therefore, more competitive PMSM drive system, it is key
to eliminate shaft-mounted sensors as well as related elec-
tronics and wiring by introducing position-sensorless control
schemes. Furthermore, many rotor position sensors provide
the initial rotor position with an inadequate resolution and
incremental encoders do not provide it at all.

A. POSITION-SENSORLESS METHODS
Sensorless methods for PMSMs determine the rotor position
in terms of electrical angle without a mechanical position
sensor usually based on phase current measurements and a
suitable machine model. Sensorless control techniques that
rely on the fundamental excitation model are capable of
providing high-performance control above about 3 % of the
nominal speed when the back electromotive force (back-
EMF) is sufficiently large [10]-[16].

Sensorless methods proposed for use at lower speeds and
standstill, are generally based on inductance variation due
to geometrical and saturation effects [17], [18]. These tech-
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TABLE 1. Nomenclature.

Symbol | Description Symbol | Description
Upc DC-link voltage R Phase resistance

Lo | Leakageinductance | Lo ing inductance
= Number of pole-pairs | & Kronecker product
Symbol ipti

T(9) and T2 (9) | Park and inverse Park transformation matrices

Uabe ad Udgo
dabe and iggo
Wabe and Wyqo

Voltage vector in abc and dg0
Current vector in abc and dg0
Flux-linkage vector in abe and dg0

WPM ang WP | Permanent magnet flux-linkage vector in abe/dg0

2, Jacobian of £ evaluated at zo
il Hessian of f evaluated at zy

Labe(9) and Lo | Differential inductance matrices in abe and dg0

Lz Amplitude of the second spatial harmonics of the
abe

Luin: Lmax Minimum and maximum self-inductances in abc

Tu(9) Hessian of the flux-linkage of phase k€ {a, b, c}

Lope(9) and Lygo | Combined and flattened Hessian of the three-
- ~ | phase flux-linkage function in abc and dg0

To Polarity-dependent saliency coefficient
pn and & Generalized indexing subscripts and

i, ig,ig Phase mean currents

Ai§, NG, Ai§ | Phase current differences

i and Ai¢ Combined mean currents and current differences

9 and 9 True and estimated electrical rotor positions

A Electrical rotor position estimation error

pUre Probability of correct polarity detection

Tlag Notation for function / evaluated at zo

Il. EXTENDED THREE-PHASE MACHINE MODEL
The mathematical model of a PMSM used in control design
can be divided into three main parts: the electrical, the
magnetic and the mechanical model. The electrical model is
expressed in the form of the phase voltage equations. The
magnetic model contains the saliency model and describes
the relationship between the flux-linkages, the phase currents
and the rotor position. The mechanical model consists of the
torque equation of the rotor. In the development of a sensor-
less method for standstill, the first two are more significant.
The phase voltage equations can be written as a system of
differential equations or a shorter single differential equation
of vector-valued functions. Equation (2) is the vectorial form
in the stator-oriented three-phase reference frame [44].

Uq ia a|%
uy| =R |ip +§ Uy, €]
Ue ic A
)
e = Rigpe + =3 @)

The phase resistance was taken into consideration.

A. LINEARIZED FLUX MODEL
In the general case, there is a non-linear and hysteretic
relationship between the flux-linkages, phase currents and
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the rotor position. In order to formulate the flux-linkage
vector W5 as a function of the phase currents and the
rotor position, the effect of hysteresis is neglected. Although
the Wape(igpe, ) function shows nonlinear properties, the
traditional approach is linearization, the machine models
only include the constant and linear terms of the Taylor series
expansion, while the higher order terms are omitted.

The Taylor series expansion of the flux-linkage function
is performed with respect to the phase current vector igpe,
around the (iq5.=0 A, 1)) point, which means no phase cur-
rents are present and the electrical rotor position is fixed to
). The result is (3), a polynomial approximation with rotor
position-dependent coefficients.

TR pyiabe + o 3

Wape(iabes ¥) = Lave (0 A, 9) +

The constant coefficient vector is equal to the flux-linkage
vector of the permanent magnets, W5 Tt is important to
note that although it is constant with respect to the phase
currents, its value depends on the rotor position.

T 0) = Vare(0A, V) @

Habe

The coefficient matrix of the linear term is the Jacobian of
Wb and is equal to the differential inductance matrix, Lqpe.

)

gy A

The traditionally used linearized form of the flux-linkage
function only contains the constant and linear terms.

Yave(dabes ) = WEN (9) + Lae (V) dabe ©)

The components of the permanent magnet flux-linkage
vector ¥PM have dominant fundamental spatial harmon-
ics in electrical angle, while their mean value and higher
harmonics are negligible. In PM machines, the flux of the
permanent magnets is dominant and the current-induced flux
is usually much lower. The overall magnetization state of the
iron parts is determined by the rotor position and the current-
induced flux can only change the magnetization state slightly.
At a standstill, the magnetization state and the corresponding
magnetization curve depend on the rotor position as shown
for phase a in Fig. 1.

The W, (i,) magnetization curve has different vertical in-
tercepts, gradients and curvatures at different rotor positions.
The vertical intercept corresponds to the permanent magnet
flux in phase a. The gradient of the magnetization curve is the
self-inductance of phase a, namely L,,. During an electrical
revolution, the self-inductance is always positive and has
a minimum in the +d direction (north pole), a maximum
in the +¢ direction, a second minimum in —d direction
(south pole) and a second maximum in the —¢ direction, see
Figs. 1-3. L, has a non-zero mean value and a dominant
second spatial harmonic in electrical angles. Self- and mutual
inductances all have second spatial harmonics with different
phase offsets.
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niques exploit the anisotropic properties of PM machines,
caused by the saliency of an interior permanent magnet rotor
and/or the saturation of the iron cores.

The anisotropy tracking techniques are either based on
fundamental pulse-width modulation excitation (FPE) or
signal injection [19], [20]. Both low-frequency and high-
frequency signal injection (HESI) methods have been de-
veloped [21], [22]. Modulated sinusoidal HFSI techniques
inject a high-frequency carrier signal with a small amplitude
using either a pulsating space vector in the estimated rotor
reference frame or a rotating space vector in the stationary
reference frame [23]-[25]. Square-wave HFSI methods in-
Jject modulated or non-modulated, continuous or intermittent
signals [26]. Usually, HFSI methods are capable of tracking
both geometric and saturation-caused anisotropies [12], [27].

B. INITIAL POSITION DETECTION METHODS

The zero-speed or initial position detection is performed
over two steps by many methods. First, the inductance-based
saliency tracker searches for the +d/—d axis, then another
method detects magnet polarity [12], [28], [29]. Both steps
require high-frequency models which are often derived from
the corresponding fundamental frequency models [11].

The critical part of the high-frequency machine models is
the saliency model which describes the dependency of the
electrical parameters on the rotor position such as self and
mutual inductances as well as the non-linearities related to
magnetic saturation. Some papers classify these as primary
and secondary saliencies [30], [31]. In most PMSMs, the
primary saliency is present in the inductances. The abe self
and mutual inductances have a dominant second spatial har-
monic in terms of the electrical angle, and the Lq and L,
inductances are different constants [32]. Although saliency
tracking can use the primary saliency to identify the +d/—d
axis, the polarity of the rotor’s magnets cannot be determined
based on them because the abe inductance values at any 9 and
1)+ 180° electrical rotor positions are equal. Given that this
ambiguity may cause reverse rotation and unwanted oscilla-
tion, another method is needed to determine the polarity.

C. POLARITY DETECTION
To determine magnet polarity, it is possible to exploit sec-
ondary saliencies that have significant first spatial harmonics.
Many papers introduce the injection of short voltage pulses to
determine the polarity after identifying the +d/—d axis [12],
[33]. Experimental results show that a voltage pulse in the +d
or magnetizing direction has a higher response current than a
voltage pulse of the same amplitude and duration in the —d or
demagnetizing direction, due to the nonlinearity of magnetic
saturation [34]-[36]. Some solutions exploit this nonlinear
behavior using multiple voltage pulses to directly determine
the rotor position without using an inductance-based d-axis
tracking technique [26], [36], [37].

While the primary saliency can be modeled as a linear rela-
tion between the flux-linkages and the current, the secondary,
polarity-dependent saliency is non-linear with respect to the
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phase currents. Related papers describe various approaches
for modeling it. Some papers define different Ly fractional
inductance values for positive and negative currents that have
the opposite values at the north and south poles [26], [33],
[36], [38]-[40]. This approach uses two linear systems of
different time-constants and the resulting model is limited
to the d direction. Other papers develop signal processing
methods to extract the polarity information from the second
harmonic content of the current vector [30], [41].

A more general approach is to formulate the flux-current
relations as Taylor polynomials of the underlying non-linear
functions. Reference [5] formulates the d direction flux-
linkage (¥ 4) as a quadratic function of the d direction current
(iq) using the constant, linear, and quadratic terms of the
Taylor polynomial. In this approach, the coefficient of the
quadratic term (the second derivative of W, with respect to
i4) holds the polarity information. References [41] and [42]
formulate ¢4 as a quadratic function of ¥4 and the polarity-
dependent quantity is the second derivative of i with respect
to W, Reference [34] expresses Ly and L, as quadratic
functions of i4 and i,, respectively. Here the coefficient of the
d direction linear term is polarity-dependent. The polarity-
dependent quantity is always related to the curvature of
the d direction magnetization curve. High-frequency models
usually neglect the phase resistances [11], [12], [40], [43].

D. CONTRIBUTIONS

In this paper, a novel extended PMSM model is proposed
which includes a quadratic flux-current function to repre-
sent the polarity-dependent saliency. Based on the model, a
sensorless initial position detection method was developed
which is capable of polarity-detection. The first part of the
paper, Sections II-VI, describes the proposed model and
presents data for the elements of the ind

and Hessian matrices. The second part, Sections VII-IX,
validates the model and presents a voltage pulse injection-
based initial position and polarity detection method.

The main contributions of this paper are:

« A novel extended PMSM model is proposed that in-
tegrates the polarity-dependent saliency into the tradi-
tional machine modeling framework. Park and inverse
Park transforms for both the extended voltage equation
and Hessian matrices have been derived;

o A parameter identification method based on a specific

protocol is | for the el ts of
the abc Hessian matrix;
The proposed model is able to explain the difference
between the current response to a positive and to a nega-
tive voltage pulse. It also correctly predicts the transient
behavior and rotor position dependence of the current
differences caused by the polarity-dependent saliency;
A voltage pulse injection-based initial position detection
method is presented that requires only phase current
measurements and causes no rotor movement;
A pulse-length selection method is also presented for
designing a reliable polarity detection algorithm.
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B. LIMITATION OF THE LINEARIZED FLUX MODEL

In the voltage equation (2), we can see the time derivative
of the flux-linkage. This means that the flux-linkages only
have an effect on the currents when their values change.
At a standstill, the rotor position and the flux-linkages of
the permanent magnets are constant so have no effect on
the phase currents. Therefore, only the i have a

position-dependent effect on the currents, and that involves
their second spatial harmonics (see L., in Fig. 3). The
second spatial harmonics consist of two periods during an
electrical revolution and therefore

Labe(V) = Lape (V) + 180°) . @)

Hence, the inductance-based anisotropy tracking methods
always yield an ambiguity of 180° in electrical angle [28],
[45], [46]. In light of the above, the linearized flux model (6)
is unsuitable for polarity detection.

C. QUADRATIC FLUX MODEL EXTENSION

To overcome the limitation of the linearized flux-linkage
model, we extended it with the quadratic term of the Taylor
series e: ion by izing the li i
approaches [5], [34], [42]. The coefficients of the quadratic
term contain the second derivatives of the flux-linkages with
respect to the phase currents. The second derivatives corre-
spond to the curvature of the magnetization curve. The exact
form of the flux-linkage function is unknown.

Based on the fact that the self-inductances of the phases
are smaller when the absolute value of the flux-linkages of
the permanent magnets is larger, we hypothesized, that the
flux-linkage cc are sigmoid (S-shaped) functions.
In the case of phase a, as shown in Fig. 1, the curvature
of W,(i,) is negative when the phase winding is closer to
the north pole and positive when closer to the south pole.
This leads to a zero mean value and a dominant first spatial
harmonic in electrical angle, as shown in Fig. 3.

The quadratic coefficient matrix contains the 3x3 Hes-
sians of the three phase flux-linkages and has 3x3x3 ele-
ments in total, therefore, appears to be a three-dimensional
matrix or a third-order tensor. To avoid the three-dimensional
forms and tensor formalism, we decided to combine and
flatten the Hessians into a 9x3 two-dimensional matrix by
rearranging the 3x3 Hessians of the phase flux-linkages
below each other. The Hessian of the flux-linkage of phase
k € {a,b,c} is the symmetric matrix

9y,

Labe |(QAD)

The combined and flattened Hessian of the three-phase
flux-linkage function is

Lane(9) = Higywryy = |To(@) | €RS (9)

To make the notation shorter, we used the capital letter T’
to denote the Hessian matrices and their elements.
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¥ = 90° or 270°

¥ = 180° 9 =0°
south pole (—d) +q/—q direction north pole (+d)

0A
Quadratic approximation

—— Flux linkage W, as a function of i assuming iy

~== Linear approximation

FIGURE 1. The flux-linkage ¥, and its linear and quadratic approximations
at significant rotor positions. The quadratic approximation contains information
about the polarity of the rotor magnets while the linear equivalent does not.

Laa, Taaa

1 cos
Ty

¥ = 90° or 270°

+q/—q direction

A W,
= Taaa(?) =

Dig |(0A.0) )= %z

0 = 180° 9 =0°
south pole (—d) north pole (+d)

Laa(¥)

(0A,9) ‘

FIGURE 2. The first and second derivatives of the flux-linkage W, with
respect 1o i, evaluated at (0 A, ) that define L., (¢) and Tuuq (1)

Laa Taaa
L
I TN 27N,
Linoe?”. Meiar? .
T
180° 360° 9
-

north pole (+d) south pole (—d) north pole (+d)

=== Lua(¥) ~ Ly — Ly cos (20) where Ly = Ly + Luo
—— Tuga(9) ~ —Tg cos ¥

FIGURE 3. The first and second derivatives of the flux-linkage ., evaluated
at (0A, 9) and plotted as functions of the electrical rotor position
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The quadratic approximation of the three-phase flux-
linkage function that incorporates the flattened Hessian is

y . 1 v .
WD) + Lune(9) e + 5 (L9880 ) Latel®) e (10)

where the constant term refers to the flux-linkage of the
permanent magnets, the linear term stands for the matrix
product of the inductance matrix and the current vector, and
the quadratic term represents the effect of the curvature of the
magnetization curves. @ denotes the Kronecker product.

D. THE VOLTAGE EQUATION AT A STANDSTILL

The voltage equation of our three-phase star-connected
PMSM:s at a standstill takes the form of (11) after substituting
the quadratic flux-linkage (10) into the voltage equation (2).

diap, T di
b= Riape Lane () (L0 15, )Eane0) 225 (1)

For an ideal machine that has identical phase windings,
the three-phase voltage equation (11) contains 9 unknown
inductances and 18 unknown elements in the abc Hessian,
Lbe, defined in (9), that are all functions of the rotor position.

The inductive and quadratic terms of (11) can be rear-
ranged to reveal that the quadratic flux-linkage model is
equivalent to a seemingly linear model which in fact have
a current-dependent inductance matrix.

. )gbc(m)dﬂ" 12)

tane=Riape+ (Lane0) + (L -

L, Gaved)

Here, L% iabe,U) is the current-dependent abe induc-
tance matrix which is a linear function of the dabe current
vector. Its constant term is the differential inductance matrix
Lgpe and the coefficient matrix of its linear term is the
Hessian Tape. We point out this connection because the
existing modeling approaches usually define the inductances
to be current dependent instead of extending directly the flux-
linkage [17], [47], [48].

IIl. MEASURING THE ROTOR POSITION DEPENDENCE
OF THE MACHINE PARAMETERS

B sor core
B rotor core
I shar
|:| Housing

Y

| Magnets &

polarity

I Air-core

winding

segments

FIGURE 4. The cross-section and main components of the Maxon EC4-pole
45 252463, the two pole-pairs slotless PMSM used in our experimental drive.

TABLE 2. Datasheet parameters of the Maxon EC4-pole 45 252463 type.

Parameter Value
Nominal voltage BV
Nominal speed 6120/min
Stall torque 4070 mN m
Starting current SITA

No Toad current 261 mA
Maximum continuous current 1T16A
“Terminal-to-terminal resistance | 878 m(}
“Terminal-to-terminal inductance | 350 pl
Torque constant 715 mNm/A
Rotor inertia 200 g cm
Mechnical time constant 316 ms
Number of pole-pairs 2

A. TEST MOTORS

‘We used two Maxon EC4-pole 45 252463 slotless PMSMs

as our test motors. Table 2 contains the datasheet parameters

and Fig. 4 shows the cross-section of the test motors.
Factory-mounted optical encoders of 13-bit resolution are

installed on the test motors. The size of the encoder module

is comparable to the size of the motor itself.

B. MEASUREMENT AUTOMATION
The unknown inductances and Hessians are rotor position de-
pendent and their values have to be identified at various rotor

‘We designed and built a to iden-
tify the rotor position dependence of the unknown induc-
tances and Hessian coefficients of our test motors as well as
to implement a sensorless initial position detection method.
‘When performing measurements on a star-connected motor
with all three terminals connected to the inverter, only certain
combinations of the machine parameters can be determined.
To make all three-phase parameters obtainable, we modified
our test motors and made their neutral points accessible.
This ification enabled the i control and mea-
surement of the phase voltages and currents as well as the
implementation of both single- and two-phase measurements.
The schematic diagram of the measurement environment can
be seen in Fig. 6.
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P Therefore, we designed our measurement system
to be able to automatically change the rotor position using a
stepper motor with a resolution of 0.9° which is equivalent
to a resolution of 1.8° in terms of electrical angle for our two
pole-pair test motors. We used the factory-mounted encoders
to correct the position error introduced by the stepper motor.

We implemented the drive control on a National Instru-
ments CompactRIO. The low-level functions, e.g. MOSFET
control signal generation, current sampling, encoder signal
processing and data acquisition, run on the cRIO-9104 FPGA
module. The FPGA stores the measured current and rotor
position values in the FIFO memory of the cRIO-9014 real-
time controller which streams the current and position data to
our LabVIEW-based control application.
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FIGURE 7. The photo of the custom-designed experimental PMSM drive.

IV. FLUX MODEL PARAMETER IDENTIFICATION

The structure of the voltage equation (11) in the cases of
single- and two-phase excitation schemes permits the use of
the linear least squares method to identify the model param-
eters from time series data of phase voltages and currents.
The following sections present the specific variants of the
voltage equation and parameter identification methods used
for single- and two-phase measurements.

A. MEASUREMENTS AND IDENTIFICATION USING
SINGLE PHASE EXCITATION

In a single-phase itati we

only one of the phase terminals and the neutral point to
two inverter legs. Fig. 8 shows the single-phase excitation
arrangement for phase a. The single-phase excitation in the
case of phase a prohibits the current to flow in phases b and c.
The phase voltage equations that apply can be derived from
the three-phase equation (11) by substituting i, = 7. = 0 A.

. dig 1 12
o = a0 =1ty = Ruiart Lua(V) G+ 5 Taaa (V) G (13)
i, 1 o di2
= o = s = La(9) G + 5ToaaV) T2 (14)
di, 1 12
e = e = s = Lea(0) G+ 5Teaa () G2 (19)

The phase voltages u,, u; and u, are equal to the differ-
ences between the terminal voltages and the voltage of the
star point us. The voltage equation of the excited phase a

0 Uap

FIGURE 8. Single-phase excitation for

of phase a
where g=a, p=b, n=c, and i, =i, =0 A, realized using the neutral point .
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(13) contains the resistive voltage drop and the derivative of
the phase flux which provides the linear and quadratic terms.
These terms encompass all the dynamics of a single phase.
The other two equations describe the interactions between
the current of the excited phase and the non-excited phases as
well as contain only induced voltages. However, these equa-
tions do not contain all the elements of the Hessian matrix. To
overcome this problem, two-phase excitation measurements
were subsequently performed.

TABLE 3. Generalized phase indexing.

g P n
Reference | 4-120° (electrical) | —120° (electrical)
a b c
b c a
c a b

We applied a generalized phase indexing where g denotes
the excited or reference phase, p denotes the phase at +120°
and n denotes the phase at —120° (see Table 3).

Using generalized indices, where g, p and n can be a, b,
and ¢, respectively, according to Table 3:

di, 1 di2
g = Ryig + Loy (0) 37 + 5T000(?) 3 (16)
diy, 1 di2
tp = Ly (9) g + 5T0ua(0) an
dig 1 di2
tUn = Ling(V) T: + §ang(19) ng (18)

Parameter identification uses the time series created by
sampling the voltages and the excitation current:
T

(19)
o (kTs) = [iga---ign]” (20)
Upe = up(kTs) . wp = [up1 .- upn]” @D
wn = [ty cunn]” 22)

We calculated the derivative of the excitation current (d)
and the derivative of the square of the excitation current (¢)
using the following central differencing formulae:

g = uy(kTs), uy=[ug1...

gk =

Un k= un(kTs) ,

lgkt1 — lg k-1
d, = Lokt okl

)k T dy=[dga .. dgn]" @3)

Current, (A)

Ug == Up == U

L
0 75 150225300 375450 0 75 150225300 375 450

Time, £, (us) Time, £, (i)

FIGURE 9. Signals acquired during the single-phase excitation of phase a,
starting with a rising edge, at electrical rotor position ¥ = 0°
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NI LabVIEW
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automation
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Current sensors

EC4-pole
252463

FIGURE 5. The photo of our experimental PMSM drive and measurement environment.

Inverter, 6xCSD19535KTT
Q Q Q Maxon
! ol ot EC4-pole
6xTLP352 | | 3xLTS15NP 252463 Stepper
a motor
c = bl [ SM
Upo| 2 E*q N
3%2200 yF = | J ST Neb
T 13, 4,
Q, Q, Qg Vi s *
1= 1= 1= 3xTLO71 Stepper
8 j> driver
= I
A
NI LabVIEW RIO- 15155 |
measurement 9014 |3|5|3 5
automation zlzlz >
cRIO-9104 z
Osci ¥
PC . Ethernet network NI CompaftRlO C cDAC219188
FIGURE 6. The schematics of our PMSM drive and
We decided to measure the phase voltages and the neutral ture the hi and do pled the voltage

point voltage using a Tektronix MSO 4054B oscilloscope.
‘We used a CompactDAQ cDAQ-9188 as the digital output to
control the stepper driver as well as trigger the injection and
the oscilloscope measurement. The external triggering of the
FPGA and the oscill imi d the latency i duced
by the Ethernet network we used to connect the instruments.
It was very important to synchronize the operation of the
FPGA and the oscilloscope because the time series-based
parameter-identification method we used requires synchro-
nized voltage and current data. We performed the voltage
measurement at a higher sampling frequency in order to cap-
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data to match the sampling time of the current data.

Fig. 5 shows a photo of the experimental PMSM drive and
measurement environment. Fig. 6 shows the schematics of
the system. Our custom-designed and built parts include the
three-phase inverter, optical coupling, current measurement
and amplification circuits. They are represented by blue
labels in Fig. 5 and by blue blocks in Figs. 6 and 7. The types
of their components are also shown.

On Fig. 5 the oscilloscope screen shows the measured
terminal voltages while the measured phase voltages and
currents are visible on the computer screen.

VOLUME 4, 2016

Author et al.: Preparation of Papers for IEEE TRANSACTIONS and JOURNALS

2 i2
_ Mgkl T lgk—1
2Ts
The time series forms of the voltage equations are

gk C 0= [dga g 24

) 1
g = Ryig + Lgg(9)dy + al“ggg(")gg, (25)
1
Up = Lpg(9) dg + 5Tpgy (V) gy and (26)

1 )
= Loy + STy @)

The linear least squares method requires an equation in the
form y = X 3 and solves it for 3. We rearranged the time
series equations (25)—(27) into the required forms.

. R,
ww=liy 4 o] Lul) | =580 @9
999
1 Lyg(0
pew=li 0] 0] =28 0
Lyg(9
g,.:gn:[gg %gg} [an;(('ﬂ))] X6 GO

In a single measurement, we injected a single period of
a bipolar even square wave voltage signal. The injected
voltage, the induced voltages in the other two phases and
the current response are shown in Fig. 9. Using the data
produced by a single-phase measurement, we were able to
identify the value of 3x7 parameters for a specified 1) rotor
position, namely 3 phase resistances, 3 self-inductances, 6
mutual inductances, and 9 diagonal elements of the Hessian.

B. MEASUREMENTS AND IDENTIFICATION USING
TWO-PHASE EXCITATION
In our two-phase measurements, we excited two phases,
namely g and p connected in series (see Fig. 10). The two
phase currents have opposite signs, i.e. i) is equal to —i,.
In the voltage equations of the two-phase measurements, the
coefficients are the linear combinations of certain elements
of the inductance and Hessian matrices.

The combined coefficients of the voltage equation of phase
g are

ELy(0) = Lyy(9) — Lyy(9) and 31)

BT (9) = T (V) = 2Wgp(V) + Typp(9) . (32)

ay Yy a0

FIGURE 10. Two-phase excitation arrangement for measurement of phases a
and b where g=a, p=b, n=c, iy=—i, and i;=0A.

8

The combined coefficients of the voltage equation of phase
pare

YLyp(0) = Lpg(9) — Lyp(V) and (33)

Ep(0) = Ty (V) = 20pgp(9) + Lgpp(9) . (34)

The combined coefficients of the voltage equation of phase

n are
BL,(9) = Lyg(d) — Ly () and (35)
ET5(9) = Ligg () — 2Lngp(9) + L (9) - (36)

using the ¢ « i are

The voltage

. 1
ug = Ryig + XLy (V) dy + §Erg(ﬂ)lq' 37

1
w, = Ry, + XL, (0)dy + EZF,,(I’) gy and (38)

= SL )y + 3D g (9

Using the data produced by a two-phase measurement, we
were able to identify the values of the non-diagonal elements
Tygps Tpgp and Ty, of the Hessian matrix as a function of
the 1 electrical rotor position.

V. MEASUREMENT RESULTS

‘We set the DC supply voltage to 18 V and 36 V for the single-
and two-phase measurements, respectively, to ensure that the
phase currents will have similar peak values. The injected
bipolar even square wave voltage signal was composed of
three sections: 75 ps in the reference direction, 2x 75 ps in the
opposite direction, and 75 ps in the reference direction again,
as shown in Fig. 9 for phase a and in the positive reference
direction. The current response is almost symmetric, has a
time integral close to zero and produces a negligibly small
net change in the angular momentum of the rotor, or in other
words, the the rotor does not move. Using a 4x 75 ps-long
injection, the peak current values were around +10-12 A or
20-25 % of the starting current. The measurements produced
400 data points during a full mechanical rotation leading to a
resolution of 1.8° in electrical angle.

A. THE IDENTIFIED INDUCTANCE VALUES

The identified self-inductances are shown in Fig. 11. They
have non-zero average values and dominant second spatial
harmonics. We fitted the idealized curves (40)—(42) to the
measured data. The average value of the self-inductances is
equal to Ly + Ly,, where L denotes the leakage inductance
and L, stands for the magnetizing inductance. The ampli-
tude of the second spatial harmonic is denoted by L. The
spatial phase offset between the self-inductances is 120°.

Laa(¥) = Ly + Lyo — Ly cos (20) (40)
Lip(0) = Lyt + Lo — Ly cos (20 +120°) (41
Lee(V) = Ly + Lo — Ly cos (20 +240°)  (42)

The self-inductances are minimal at rotor positions where
one of the poles (+d or —d axis) is aligned with the phase
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and are at their maxima where the +¢ or —g axis is aligned
with the phase. This is consistent with Figs. 1-3.

The identified mutual inductances are shown in Figs. 12
and 13. The mutual inductances, similarly to the self-
inductances, have non-zero average values and dominant
second spatial harmonics. The average value of the idealized
mutual inductances is equal to half of —L,, and the ampli-
tude of the second spatial harmonic is denoted by L.

Lap(9) = Lya(9) = %LW — Ly cos (20 4 240°)  (43)

Lpe(V) = Len(9) =

Ly — Lycos(29)  (44)
1

Lea(9) = Loe(9) = _EL” — Ly cos (20 +120°)  (45)

Table 4 lists the fitted inductance parameters.

TABLE 4. The inductance parameters fitted to the abc inductances.

Parameter name Notation | Value

inductance | L, | 8917l
Leakage inductance L. | 3188pH
Tnductance amplitude L, |15.024H

B. PARK TRANSFORM OF THE INDUCTANCE MATRIX
The Park transform of the inductance matrix is

Lago = L(9) Lave() L), (46)

where T(?)) denotes the non-power-invariant Park or direct-
quadrature-zero transformation matrix, which is equal to

cos(¥)  cos(¥ —120°)  cos(d — 240°)
2| —sin(¥) —sin(¥ — 120°) —sin(J — 240°) @7
3 1 1 l :

2 2 2
By Park transforming the idealized abc inductances (40)—
(45), constant non-zero self-inductances and zero mutual
inductances are obtained in the dq0 system.

Lig 0 0
Lip=|0 Ly 0 “8)
0 0 Ly

The idealized values of the dq0 self-inductances are

3
Laa=La+3 (Lyo — Ly) = 143.11pH,  (49)

Lgg=La+ % (Lso + Lz) = 188.16 uH, and (50)
Lo = Ly = 31.88uH. (1)
We computed the non-idealized values of the dq0 induc-
tances based on (46) and the measured data (see Fig. 14).
Although the idealized and non-idealized results are con-
sistent, the true L4q and L, have a small second spatial
harmonic with an amplitude of approximately 1 pH. The dq0
mutual inductances, namely Lgg, Lga, Lao, Log. Lgo and
Lo, have close to zero values between —3 uH and +3 pH
which partly can be attributed to small differences between
the phase windings.
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Self-inductance, (uH)
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Electrical rotor position, 9, (°)

FIGURE 11. The identified L, self-inductance values calculated from
3400 single-phase excitation measurements.

Mutual inductance, (uH)

L
0° 120° 240° 360° 480° 600° 720°

Electrical rotor position, 9, (°)

FIGURE 12. The identified L, mutual inductance values calculated from
3400 single-phase excitation measurements.

(uH)

Mutual inductance,

I I
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FIGURE 13. The identified L,,, mutual inductance values calculated from
3400 single-phase excitation measurements.

200 [ ! T

Inductance, (uH)

~—— Laa = = Laa
T T T T T
0° 120° 240° 360° 480° 600° 720°

Electrical rotor position, 9, (°)

Lgg === Loo = Laq

FIGURE 14. The non-idealized values of the diagonal elements of the dg0
inductance matrix and the non-idealized values of the d—q mutual
inductances calculated from 3 x 400 single-phase excitation measurements.
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These six measured curves determine twelve elements, due
to the symmetries of the Hessian matrices. The idealized
formulae are (61)—(66).

Faob0) = () = = fcos(i = 150°) (61

Te() = Toa0) = L cos(9 +907) (62

V3

Teca(?) = Tege(d) = —F—\/% cos(¥ — 30°) (63)

Flan(9) = Din(0) =~ fecos(i +30°) (69
Peal) = Taclt) =~ eos(d =90%)  (65)
Tae(9) = Toca(9) = — 5"3 cos(9+150°) (66

Fig. 20 shows the curves of the remaining elements that
have three different indices. These determine six elements of
the Hessian matrix due to its symmetries. To achieve constant
elements in dq0, these must be equal to 0 H/A.

Since the values of these elements are smaller than the
previous elements of the Hessian and they have no clear
rotor-position dependence, we assigned a constant 0 H/A
value to them.

H

LPeab = Fave = Thea = Leba = Pach = Toae =00 (67)

The polarity-dependent saliency coefficient T'y value that
yields the best fit to the main diagonal elements is

H
Ty = 0162 “T' (68)

The ratio of the amplitudes of the idealized formulae of
the main diagonal elements to the other elements was v/3 ~
1.732, while the average ratio based on the measurement data
was 1.986, which we considered acceptable.

It is important to note that the variation in the inductances
and Hessian elements imply that the phase windings are not
perfectly identical.

D. PARK TRANSFORMATION OF THE HESSIAN MATRIX
The next step for building the machine model was the Park
transformation of the idealized Hessian matrix and the mea-
sured data. We developed and used (69) to compute the Park
or dq0 transform of the flattened 9 x 3 Hessian matrix defined
by (9). Z() stands for the Park transformation matrix (47).
7 () and T~ (9) represent the transpose and inverse of T,
respectively. Z7~1(9) = (Z7'(9)) " denotes the inverse of
the transpose. The operator @ refers to the Kronecker product.
Tago = (I3 © 7)) (T(9) @ L) Lape (D) T'(9) (69
We developed and used (70) to compute the inverse Park
transform of the flattened Hessian matrix.
Lae(¥) = (L © L)) (L' (9) © Ls) LapZ(9) ~ (70)
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FIGURE 18. The identified non-diagonal symmetric Iy, = I'y,, elements
of the Hessian calculated from 3x 400 two-phase excitation measurements.

Hessian, (uH/A)

I
0° 120° 240° 360° 480° 600° 720°

Electrical rotor position, 9, (°)

FIGURE 19. The identified non-diagonal symmetric Iy, = I'pg, elements
of the Hessian calculated from 3 x 400 two-phase excitation measurements.
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FIGURE 20. The identified non-diagonal symmetric T, = I',,,,, elements
of the Hessian calculated from 3x 400 two-phase excitation measurements.
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FIGURE 21. The significant elements of the dq0 Hessian matrix calculated
from the data acquired during 3x 400 single-phase and 3x 400 two-phase
excitation measurements and compared to the idealized model values (71).
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C. THE IDENTIFIED ELEMENTS OF THE HESSIAN
The single- and two-phase measurements provided enough
data to identify all the elements of the abc Hessian matrix at
all 400 rotor positions. The results of the parameter identi-
fication are shown in Figs. 15-20. We performed the same
steps on the elements of the Hessian matrix as we took with
the inductances. We fitted idealized rotor position functions
to the abc elements that produce constant elements in the
dq0 system after the Park transformation. Then we performed
the transformation on both the idealized formulae and the
measured data. Finally, we compared the idealized and non-
idealized results in the dg0 system. After the examination of
the measurement data, we decided to only include the first
spatial harmonics in the idealized formulae of the elements of
the Hessian, because 85-90 % of the signal power is produced
by them. We rounded the phase offsets to multiples of 30°.

We introduced the polarity-dependent saliency coefficient
Ty to define the amplitudes of the main diagonal elements:
Tuaas Doy and ... Their measurement data are shown in
Fig. 15. The main diagonal elements have close-to-zero mean
values. They have negative minimum values at rotor positions
where one of the north poles (+d axes) is aligned with the
phase and positive maximum values at the south poles (—d
axes). The zero crossings are located where the +¢ or —¢q
axes are aligned with the phase. This spatial arrangement
is consistent with the hypothesis that the main diagonal
elements of the abc Hessian represent the curvature of the
magnetization curve (see Figs. 1-3).

The idealized formulae for the main diagonal elements of
the abc Hessian are

Taaa(V) = —To cos(¥)., (52)
Typp () = =T cos(¥ — 120°) , and (53)
Tece() = =g cos(d — 240°) . (54)

Figs. 16 and 17 show those page diagonal elements where
the second and third indices are identical, but the first one is
different. Similarly to the main diagonal elements, they have
zero average values and a dominant first spatial harmonic in
electrical angles.

We assigned the idealized formulae (55)-(60) to the page
diagonal elements of the Hessian. They describe how the
squares of the phase currents influence the flux in the other
phases. To achieve constant elements in the dq0 system, we
set the amplitudes of the first spatial harmonics to T //3.

Toaa(¥) = % cos(¥ — 150°) (55)

Loon(9) = — 12 cos(d + 90°) (56)

V3

Tace(V) = —% cos(¥ — 30°) (57)

() = 7% cos(d + 30°) (58)
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FIGURE 15. The identified main diagonal T',,,, elements of the Hessian
calculated from 3 400 single-phase excitation measurements.

T T T T T
2 0.1 *‘ .{‘."““r \,:,1,.‘.,_." ‘h g, a‘-!.-r.»."l

=] ¢ . K

= oW b % E
= & al 0l

g vl w‘"“‘-ﬁ.‘# r":b!
72 =01 —
= Tyaa === Ta

I
0° 120° 240° 360° 480° 600° 720°

Electrical rotor position, . (°)

FIGURE 16. The identified page diagonal T',, elements of the Hessian
calculated from 3 x 400 single-phase excitation measurements.

Hessian, (uH/A)
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FIGURE 17. The identified page diagonal T'., elements of the Hessian
calculated from 3 400 single-phase excitation measurements.

Lpee(9) = 7% cos(9 — 90°) (59)
Ty
Teaa(¥) = cos(¥ + 150°) (60)

V3

Figs. 18 and 19 show those non-diagonal elements of the
abe Hessian where the first and second indices are identical.
‘We decided to include only the first spatial harmonics in the
idealized formulae for these elements, albeit here only 80-
85 % of the signal power is produced by them. Similarly
to the page diagonal elements, to achieve constant elements
in the dg0 system, we set the amplitudes of the first spatial
harmonics to Fu/\/f‘:.
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‘We performed the Park transformation on the abc Hessian
defined by the idealized formulae (52)-(67) and obtained the
idealized dq0 Hessian (71).

—g[‘n 0 0
4 3
0 —3To 0
0 0 0
3
0 —Ty 0
Lio=| 4 o’ n
o 00
0 0 0
0 0 0
0 0 0
0 0 0

Based on the properties of the inductance matrix, our
hypothesis was that if we assign the correct formulae to
the elements of the abc Hessian, then the elements of the
dq0 Hessian will be constants. (71) fulfills this requirement,
moreover, its elements are not only constants but similarly to
the dq0 inductance matrix (48), many of them, for example,
those that have 0 in their indices, are zero. The non-zero
elements are

9 uH
Laas = o = —0.369 ”7, and a2

. MH

=-012° (73

Fig. 21 shows the non-zero elements of the non-idealized
Park-transformed Hessian using the abc measurement data
shown in Figs. (15)-(20) instead of (71) and compares them
to the idealized values predicted by (72) and (73). The
idealized model predicts the mean values correctly but the
data shows third spatial harmonics. We decided not to include
these third spatial harmonics in the model to ensure that
the description of the quadratic term of the flux model (10)
requires only a single new machine parameter, the polarity-
dependent saliency coefficient I'y.

Tagq =Tqag =Tgqa = —

VI. THE VOLTAGE EQUATION IN THE DQO SYSTEM

The simulation and vector control of the three-phase AC
machines are usually performed in the rotor-oriented dq0
coordinate system or reference frame. In a star-connected
machine, the zero sequence voltages, currents and flux-
linkages are zero, however, the zero sequence equation was
not omitted because it is necessary to the transformation of
the coefficient matrices.

The Park transformed voltage, current and flux-linkage are
Udqo = T (V) Uabe, iaqo = T(V) dape and g0 = T () Lape,
respectively. By using them, the abc voltage equation (2) can
be transformed into the dq0 system (74).

-1 0

0
Wap 17 0 o Va0 (4
dt 0 0

Udqo = Rigqo +

The third term on the right-hand side of the voltage
equation is the rotational voltage, which is zero at standstill
because it incorporates the electrical angular velocity of the
rotor, w, as a factor.

Similarly to (10) in the abc system, we extended the dq0
flux-linkage vector W 4,0 with the quadratic term, using the
dq0 Hessian defined by (69).

y . 1 . .
Wago =X+ Laolago + 5 (L © 8h0) Lusolino (75)

The W40 flux-linkage depends only on Zgq0. Its coeffi-
cients are independent from the rotor position and, therefore,
are constant.

For initial position detection, the voltage equation can be
formulated by substituting (75) and an angular velocity of
zero into (74).

. di, . di,
Udq0 = Riago + Laqo :;tqu + (Q ®L71:,0)rdq()# (76)

The structure of (76) and (11) are very similar and their
physical meaning is equivalent. Both are valid only at a
standstill.

A. RELATIONSHIP TO A CURRENT-DEPENDENT
INDUCTANCE MODEL

Similarly to (12), it is possible to reformulate (76) to a
seemingly linear form that involves a current dependent
inductance matrix.

) ) diaqo an

Udgo = Riago + ( )

Here, g{;‘u (.quu) is the current dependent dg0 inductance
matrix which is a linear function of iz,0. Its constant term
is the differential inductance matrix L4,o and the coefficient
matrix of its linear term is the Hessian L'qq0. The current
dependent elements of L&t (aq0) are

. . 9 .
L (iago) = Laa + Taaaia = Laa — Zruld« (78)

. 3
L (iago) = Taggiq = —Toig, (19)
. . 3.
Ly (iag0) = Tagalq = =7 Toly  and (80)
cdif- . 3.
Lig (iaq0) = Lag + Laagia = Lgg = {Toia. 81

Equations (78)—(80) are linear models for main flux sat-
uration and cross-saturation [17]. I'y is a positive constant.
Therefore, our model predicts that positive iy decreases
the current-dependent self-inductances while positive i, de-
creases the current-dependent mutual inductances. I'y is not
specific to either d direction or ¢ direction and is not specific
to the main flux saturation or cross-saturation but is a coeffi-
cient that globally describes the susceptibility of the machine
to polarity-dependent saturation.
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VII. MACHINE-MODEL VALIDATION

‘We analyzed the transient behavior as well as the rotor-
position dependency of our machine model and compared it
to the measurements. Based on (76), the d and ¢ direction
voltage equations are (82) and (83), respectively.

dig 1 di2 1 di2

ug = Rig + Laa ot 51'44:1 (TId +3 ldtm uq (82)
digi
g = Rig + L, 22 d -+ Tau ddt u (83)

Unlike in the linear machine model, both dg voltage equa-
tions contain both dg currents. In our numerical simulation-
based analysis, we used the separated forms (84) and (85).

dia _ (Lag+Tgagia) (a— Ria) ~Tagqgiq(ug— Ri

dt  (Laa+Taaaia) (Lag+Tqgaqia) ~Tagqlaqig

diy _ (Laa+Tadaia)(tq—Riq) —Tqaqiq (4a—Ria)

dt (Laa+T ddaia) (Lgq+Tqaqia) —Tagql gdqi?

The divisions limit the domain of the differential equation
system. In the case of our test motors, the absolute value of
iy must be smaller than 1349.5 A to avoid division by zero,
which is much higher than the physically realizable current
and, therefore, does not provide a practical limitation.

The ic torque, Mp, d as the deriva-
tive of the magnetic coenergy, is equal to

(85)

3o (Vi (g~ Lasti, — §roii ) . 60

The third term introduced by the quadratic term of the flux-
linkage is very small; at the starting current, it is about 0.7 %
of the torque of the permanent magnets.

A. THEORETICAL TRANSIENT BEHAVIOR

‘We started the analysis of the transient behavior by determin-
ing the analytical solution for step voltage injection in the d
direction. In this case, only d direction voltage and current
are present, and (82) can be simplified to

dig
T 87)
which is a special case of the Abel differential equation of
the second kind. The analytical solution for uq = Upl(t)
where 1(t) denotes the Heaviside step function and the initial
condition iq(0s) = 0 A is

Lﬂ Laalt + Uoldaa

alt) =  t BT 44a

where W) represents the principal branch of the Lambert W
function, also referred to as the product logarithm function
[49]. The inner function is

UoL'aaa exp(— R*t 4 Uglaaa (89)
LaaR + Uol'qaa LaaR +Uolaaa)”

ug = Rig + (Laa+T daaia)

Wo(y(1)) (88)

y(t)=—

We calculated the theoretical phase current responses in
phase a using (88) and (89) for both positive and negative
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FIGURE 22. The magnet polarity-dependent effect of the nonlinearity on the
phase current response to positive and negative voltage steps in the - and
—d directions, calculated using 51,4, from (72) to emphasize the otherwise
very small effect of the quadratic term.

step-voltage injections in the direction of the phase itself at
both poles, then compared them to the linear solution

I DB‘,’ (1 —e mt) (90)
and each other. The current responses are plotted in Fig. 22
using 54 to emphasize the otherwise very small effect
of the quadratic term. The amplitude of the steps was
Uy = 24V which corresponds to a DC-link voltage of
Upce 36 V. The stationary solutions of the linear as well
as nonlinear models are equal in each case and their absolute
value is Up/ R.

The transients of the linear and nonlinear models are
different, moreover, the sign of the current difference Ai =
i, — @i in the transient intervals depends on the magnet
polanly, At the north pole, the positive current response rises
faster than the linear solution, while the negative response
rises more slowly and Ai > 0A. At the south pole, the
opposite occurs, that is the negative current response rises
faster and Ai < 0 A. Although this behavior is somewhat
similar to linear systems that have different time constants or
different inductances, it is actually a nonlinearity.

In the early stage of the injection, the current rises almost
linearly, but due to the quadratic nature of the nonlinearity,
the difference between the linear and nonlinear solutions
rises very slowly. Moreover, when the difference becomes
sufficiently large to measure, the current is already very high.
Furthermore, polarity detection by comparing a single pulse
to the linear solution would require a very precise linear
model. Both problems can be mitigated by comparing the
current responses of the positive and negative pulses as well
as performing measurements on all three phases.

IEEE Access

C. COMPARISON OF MEASURED AND SIMULATED
TRANSIENT BEHAVIOR

The nonlinear machine model predicts that the Ai deviations
from the linear model at a certain rotor position have the
same sign for a positive and a negative step (see Fig. 22).
To amplify the effect of the polarity-dependent nonlinearity,
we calculated the Ai' phase current difference as the sum of
the A+ and A— currem responses.

Aild =it il 1)

a

The current responses of the injected single period even
square wave voltage signals rise in the reference direction,
then in the opposite direction, producing effectively two step
responses with opposite signs (see Fig. 23). The sign of the
phase current difference Ai is determined by the magnet
polarity (positive at the north pole and negative at the south
pole). The waveform of AiZ is shaped by the quadratic
nonlinearity. As the current rises and falls almost linearly,
Ai/! has sections that resemble to parabolae.

Figs. 24 and 25 show the measured and simulated phase
current differences for phase a at 0° (north pole) and 180°
(south pole), respectively. We calculated Ai/*™ by a numeri-
cal simulation based on (84) and (85). Our extended machine
model correctly predicts the waveform of the phase current
difference, moreover, the peak values at 150 ps and 300 ps
are sufficiently accurate.

300 y=ge
| north pole (—d) .

[
2 38
8 8

Current difference, (mA)

I
0 7 150 225 300
Time, ¢, (ps)

FIGURE 24. Gomparison of measured and simulated phase current
differences at 0 = 0° (north pole)
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—100
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20017 9 =180
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. . .
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Time, ¢, (ps)

FIGURE 25. Comparison of measured and simulated phase current
differences at 0 = 180° (south pole)
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D. COMPARISON OF MEASURED AND SIMULATED
ROTOR-POSITION DEPENDENCY

The six injection steps shown in Fig. 23 produce 18 peak
phase current values for the first peak (k=1, ¢ = 150 us) and
another 18 values for the second peak ( 2, t = 300 ps).
Since all these current values hold information about the rotor
position and polarity, we developed a method that combines
all of them. In the first step, we rearranged the peak values
of the phase current responses into mean and difference
value: stated in (92)-(94) using the generalized indexing
presented in Table 3.

1 : -
G =5 (15 —ich) ©2)
¢ lia o ) _
G- 3 (iGr —iGh). A =iSt+iSr  ©3)

; 1 y
6= (it -50). 2,

Given that the rotor-position dependency of the mean cur-
rent values is mainly influenced by the inductances, they have
significant second spatial harmonics, while the phase current
differences are a consequence of the quadratic nonlinearity
characterized by the elements of the Hessian matrix and
have dominant first spatial harmonics. Figs. 26-28 show
the measured and simulated values for the phase current
differences AdS,. Ai§ ) and AQ§ ;.

The phase current difference curves are shifted by 120°,
as expected for a three-phase machine. The measurements
confirm the presence of a dominant first spatial harmonic
but also show third spatial harmonics that render the phase
current difference curves triangular, especially for the Azg’
curves. The simulated curves show that our extended ma-
chine model correctly captures these characteristics of the
machine as well as predicts the spatial distribution and values
of the phase current differences with a sufficient degree of
accuracy to be used in the design of a polarity detection
method. One small but systematic difference between the
measured and simulated values can be seen; the measured
values are spatially shifted by several electrical degrees.

ik +ite o9

200
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—200

Current difference, (mA)

T T I
00 1200 200°  360°  4se 6007 720°
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FIGURE 26. Comparison of the rotor-position dependency of the measured
and simulated phase current differences at the first current peak (¢ = 150,
3400 measurement points, 3400 simulation points)
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FIGURE 23. Measurements of the current responses to the three-phase voltage injection steps at a fixed rotor position.

B. THREE-PHASE EXCITATION MEASUREMENTS

‘We performed measurements using the three-phase injection
scheme shown in Fig. 23 to collect data for the validation
of the extended machine model proposed in the previous
sections and to develop an initial position detection method
that is capable of polarity detection. A single injection step
starts with a 75 ps-long continuous, non-modulated voltage
pulse in the reference direction. This is followed by a 150 s-
long voltage pulse in the opposite direction and the third
voltage pulse is 75 ps-long in the reference direction again.
We used this single period even square wave voltage signal
because it has a current response that is close to symmetric
and the change in the angular momentum of the rotor is
negligible compared to an odd square wave.

The voltage injection scheme performed at a given rotor
position involves all six possible steps for three phases (A4,
B, C) as well as a poaltlve dlld negative starting pulse
(+/-). The corresponding g are listed in
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Table 5. The six steps were repeated at all 400 rotor positions
resulting in 2400 measurements. We measured the currents
with a sample time of Ts = 2.5pus to validate the model.
Although the sampling time of the voltages was 75 ns to more

y capture the s
them to match the sampling time of the current data. We used
the slar poml to measure the phase voltages, but the current

ligible using a 1 M2 oscilloscope input.

itching i we do

TABLE 5. The switching sequences of the steps of the three-phase voltage
injection scheme.

Step | Switching sequence
idle  [75ps [ 150ps T5us | fade-out
AT [ (000) | (100) | (011) (100) | (000)
A—__[(000) [(011) | (100) (011) [ (000,
B+ [ (000) [ (010) | (101 (010) [ (000
B—__[(000) | (101) | (010 (101) | (000
CF [ (000) [(001) | (110 (001) | (000
C— [ (000) [ (110) | (001 (110) | (000
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FIGURE 27. Comparison of the rotor-position dependency of the measured
and simulated phase current differences at the first current peak (¢ = 150 ps,
3400 measurement points, 3400 simulation points).
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FIGURE 28. Comparison of the rotor position dependency of the measured

and simulated phase current differences at the first current peak (¢ = 150 s,
3400 measurement points, 3 400 simulation points).

VIIL. INITIAL POSITION DETECTION METHOD
Our initial position detection method uses either the first
or second peak current values sampled at 150ps (k = 1)
and 300ps (k = 2), respectively, as shown in Fig. 23. We
rearranged the 18 peak phase current values produced by the
six injection steps into mean and difference values as stated
in (92)—(94) to separate the significant even and odd spatial
harmonics. This produces 9 mean values and 9 difference
values for a single k index. Our method then combines
them into 3 mean and 3 difference values to retain all the
rotor position-dependent harmonic content while lowering
the number of variables to be processed and increasing the
signal-to-noise ratio.

We calculated the combined mean and difference values
for index k using (95)-(97).

it = idetiftil, A = Ny - Aif Al 95)

;B B ;A :C ;B ;B ;B
iy = Gy tiep g = Dy —Aig = Niy . (96)

if =

ettt AIf = Al — Al = Al 97)

Figs. 29 and 30 show the rotor-position dependency of the
combined mean values. The combined mean value curves
have a dominant second spatial harmonic, moreover, as a
result of the combination of positive and negative phase cur-
rents, their offset value is zero. Their amplitude is somewhat

larger at the second peak, and they have opposite sign there.
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FIGURE 29. Combined mean current values for the first peak (¢ = 150 s,
3x400 measurement points).
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FIGURE 30. Combined mean current values for the second peak (t = 300 s,
3400 measurement points).
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FIGURE 31. Combined current difference values for the first peak (t = 150 s,
3400 measurement points)
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FIGURE 32. Gombined current difference values for the second peak
(t = 300 s, 3x 400 measurement points).

Figs. 31 and 32 show the rotor-position dependency of
the combined differences that have a dominant first spatial
harmonic as well as inherit the slightly triangular shape and
zero offset from the phase current differences. Similarly to
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the combined mean currents, slightly larger amplitudes can
be seen at the second peak.

A. ROTOR-POSITION CALCULATION BASED ON THE
COMBINED MEAN CURRENTS

‘We calculated the rotor position based on the combined mean
current values or the combined current difference values for
both peaks (95)—(97). In both cases, three spatially shifted
sinusoidal curves with equal amplitudes and zero offsets are
observed. In the following sections, we present methods to
calculate the rotor position based on them.

Let A; denote the amplitude of the combined mean cur-
rents at the first peak (see Fig. 29), a{” = Ajcos(29)
and B} = Ajsin(29). The combined mean currents are
formulated as cosines shifted by multiples of 120° and use
the trigonometric addition formulae used to decompose them
into linear combinations of a{/ and 3{. The resulting equa-
tion system (98) is overdetermined.

A cos(29) 1 V3 M
=[Avcos(20+120°) |=| 75~ || Ghi| O8)
Aj cos(20+240°) 1 \/2 B

STt

The solutions of the equation system obtained by the
method of ordinary least squares are

al = gif‘ - %z{? - éiﬁ’, B =

The coefficient matrix on the right-hand side of (98) is sim-
ilar to the Clarke transform matrix, moreover, o}/ and 8"
can be interpreted as two-phase coordinates of the combined
mean current vector that points in the direction of 24.

For the second peak, we have to modify the equation
system because the combined mean current curves have the
opposite sign here (see Fig. 30).

(99)

-1 0
i —Aj cos(20) 1 V3 Y
B =|-Azcos(20+120°) |=| 5 5 ||%%
i§' | [-Azcos(20+240°) 1 V3L
5 %
(100)

The solutions of the equation system in this case are

2 1 1 iy if
off = —Zif 4ol i B = - 2 o
The mean-current-based rotor-position estimation 19,"” can

be calculated for both peaks using the 2-argument arctangent
function atan2 (y, z).

A 1 gM M

It = Satan2 (8.t (102)
_ Fig. 33 shows the estimated rotor positions. Both 1;{‘1 and
ﬁg" have an ambiguity of 180°. Their value is confined to the
[—90°,90°] interval.
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FIGURE 33. The estimated rotor position based on the combined mean
currents (2400 measurement points).
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FIGURE 34. The estimated rotor position based on the combined current
differences (2400 measurement points).

B. ROTOR-POSITION CALCULATION BASED ON THE
COMBINED CURRENT DIFFERENCES

Let Ay, denote the amplitude of the combined current dif-
ferences at peak k (see Figs. 31 and 32). These curves have
dominant first spatial harmonics, so let af = Ay cos(V)
and BP = Ajysin(¥). The combined current differences
are formulated as cosines shifted by multiples of 120° and
the trigonometric addition formulae used to decompose them
into linear combinations of Y and 37.

0
Aigt Ay cos(V) 1 VB[40
Qi | =] A cos(V-120°) =75 5 || 5h
Nl | | Ag cos(9—240°) 1 vBIL*
2 2
(103)

The solutions of the equation system for the two-phase
coordinates are

204 log 1o Ai% - Ai©
nE:§Az?—§Azf—§A1g, BP = A (104)
To calculate the current-di based estimate of the

rotor position 9P, once again the 2-argument arctangent
function atan2 (y, ) was used.

DD = atan2 (ﬁﬁ a{?) (105)
Fig. 34 shows the estimated rotor positions. 910 and

ﬂf’ have no ambiguity. They cover the entirety of the
[~180°,180°] interval.
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E. THE ESTIMATION-ERROR OFFSETS AND THE TRUE
ROTOR POSITION

‘Whilst setting up and calibrating our measurement system,
we determined the zero rotor position based on the torque
of the machine. We excited the machine in three-phase con-
nection with the inverter in the direction of all the phases
using small positive and negative voltages for several seconds
and recorded the stationary rotor positions. We performed
this stepping process in both positive and negative rotational
directions to eliminate frictional hysteresis. We defined the
electrical rotor position 9) used in the previous sections as the
best linear fit to the torque-determined phase axes.

We can interpret the offsets of the estimates as different
zero rotor positions based on the inductances or the Hessian
instead of the torque. Unfortunately, these rotor position
references seem to be independent and we see only measure-
ments similar to ours as ways to determine them.

Besides the presented measurements, we also performed
an other one in which the rotor from 0° to 360° was stepped
and then stepped backwards back to 0° to see if a spatial lag
existed between the rotor and the magnetic field in the stator
core due to magnetic hysteresis. This measurement showed a
very small difference (around 0.001° at both peaks) between
the forward and backward rotating sections supporting the as-
sumption that the effect of magnetic hysteresis is negligible.

IX. INITIAL POSITION DETECTION DESIGN

The performance of the proposed position and polarity detec-
tion method can be characterized by the standard deviation
of the corrected rotor-position estimate and the probability of
the correct polarity detection. In a given drive, these are sig-
nificantly influenced by the DC-link voltage (Upc), the noise
of the current measurement system and, most importantly, the
length of the injected even square wave. The critical decision
in the design is the selection of the injection length. A longer
injection results in higher currents but increases the chance
of the rotor moving. A shorter injection produces smaller
currents, decreasing the signal-to-noise ratio. We analyzed
the performance impact of the injection length at selected
DC-link voltage values and provide approximate formulae
that help to determine the minimal value needed for reliable
position and polarity detection when the standard deviation
of the current measurement noise (o) is known.

The DC-link voltage depends on the supply that feeds the
inverter. Its value is typically a multiple of 6 V. We repeated
the three-phase measurements at 18V, 24V and 36 V to an-
alyze its effect. The noise properties are hardware-dependent
and cannot be changed without a redesign. Based on the
current samples recorded in the idle sections before every
injection, the standard deviation of the current measurement
was ooy = 4.4mA for each Upe values.

A. MEAN AND DIFFERENCE APPROXIMATIONS

Fig. 36 shows the mean phase current i/ calculated not only
for the first peak but for all samples between 75 ps and 150 ps
as well as for all rotor positions. The figure also illustrates
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FIGURE 36. The measured mean phase current i:* as a function of time and
rotor position.
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FIGURE 37. The time-dependent mean values of the mean currents and their
approximations.
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FIGURE 38. The time-dependent amplitudes of the mean currents and their
approximations.

the time-dependent mean i*%V and amplitude A%V that are
calculated with respect to the rotor position. Their values
and approximations given by (111) and (112) are plotted in
Figs. 37 and 38, respectively.

Upe , 2Upc (1 _ efﬁzﬁw‘) atn

Lapp 3R
AYpe ~ %U%C (e’n*?q’ —e T ) (112)
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FIGURE 35. The errors of the based and t-if based rotor position estimates ((2+4) x 400 measurement points).

C. ESTIMATION-ERROR EVALUATION

The unbounded domain of the rotor position and the bounded
domains of the estimated values have to be taken into account
when computing the estimation errors. The error of the

this to the small differences of the phase windings and
developed a correction method. We modified (98) and (100)
to take into account the difference between the amplitudes of
the i curves (A$) and their offsets (BS). Table 6 lists the

fitted to the bined mean current curves shown

current-difference-based rotor-position estimate is
AP = 9P — mod(¥ + 180°,360°) + 180°.  (106)

The AYP estimation errors are plotted in Fig. 35. The
estimation errors at both peaks are offset, by —4.66° at the
first and —4.37° at the second peak. The standard deviations
are 2.13° and 1.68°, respectively.

The mean-current-based estimates of the rotor position
have to be corrected based on the difference-based estimate
to eliminate the £180° ambiguity.

DM 1800 9P — M > 90°,
90° > 9P — O} > —90°, (107)

M180°  —90° > OP — 9.

Equation (107) corrects the estimates in the [—180°, 180°]
interval. Depending on the interval used to represent angles,
other correction methods may be necessary.

The error of the polarity-corrected mean-current-based
rotor-position estimate is

Ay, = Yy —mod(v 4 180°,360°) + 180°. (108)

The A¥j estimation errors are plotted in Fig. 35. The
estimation errors at both peaks are offset, by —1.01° at the
first and —1.04° at the second peak.

D. WINDING DIFFERENCE CORRECTION
Unlike the error of the difference-based estimate, Ay, has a
clear second spatial harmonic at both peaks. We attributed
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in Figs. 29 and 30.

TABLE 6. The fitted parameters of the combined mean current curves.

Amplitudes
AT=30047TA [AP =3.0042A  [AT =3.0057 A
AJ=34133A |AF =34136A |AG =3.416A

Offsets
81.2mA[ B = 1303mA [ B = —37.5mA
[ BY =—1232mA [ BY = 30.7TmA

We replaced the combined means current with their offset-
free and normalized values, if“"", in (99) and (101).

iG G

iGeore _ Uk — By
igeT = = (109)

Af
Let the corrected two-phase coordinates be a}/*" and
BMeor The corrected estimate is
S Me 1 M \

PMeor EatanQ (ﬁiywnﬁ {))lt_wum) . (110)

Equation (107) has to be applied. The errors of the cor-
rected estimates denoted by A9}/ are plotted in Fig. 35.
Although the correction eliminates the second spatial har-
monic at both peaks, the offsets are unaffected.

The error of the current-difference-based estimate is much
larger and noisier than the error of the mean-current-based
estimate. Therefore, we only used the 1)E values to eliminate
the polarity error of 7}/ and J}7¢,
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FIGURE 40. The amplitude of the phase current differences simulated for
longer injections at several DC-link voltages.

Eq. (111) uses the average of Lq and L, to approximate
iUpe, Eq. (112) is half of the difference between the current
responses in the ¢ and d directions and is a less accurate
approximation of A%V, This inaccuracy can be attributed
to the freq y depend: of the ind another
type of non-linearity present in PMSMs. The high-frequency
inductances tend to be lower, therefore, the currents increase
faster at first than the exponential approximation and later
slow down (see Fig. 38).

The detection of the polarity depends on the phase current
differences defined by (92). Their amplitudes (AiV>¢) can
be approximated as

T T
Diggy = -ﬁ(ffpgcy. (113)

Fig. 39 shows the measured amplitudes of the phase cur-
rent differences and Ai,y, as functions of the mean phase
current. The relationship is quadratic and its approximate
form slightly overestimates the amplitude.

Fig. 40 shows the amplitude of the phase current differ-
ences simulated for longer injecti The litude has a
maximum value of between one and two d direction electrical
time constants. Increasing the pulse length and the currents
improves the polarity detection up to this point.

B. ESTIMATION-ERROR METRICS

‘We applied our method to any of the 31 sampling times in the
[75 ps, 150 ps] interval. In this interval, the currents behave
similarly to the first peak and the corresponding formulae
(99) have to be applied. Fig. 41 shows the standard deviations
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FIGURE 41. The relationship between the mean phase current and the
standard deviation of the error of the corrected rotor position estimate at
several DC-link voltages.

S 100° — -

= 18V mmm 21V e 36V

5@ 100

g

g

g 10f

z

3

z o 1
g 010 i mmmeeaay
T o0 1 2 3 4 5 6 7 8 9 10
i

Mean phase current, iUD¢, (A)

FIGURE 42. The relationship between the mean phase current and the
probabilty of correct polarity detection at several DC-link voltages.
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FIGURE 43. The relationship between the amplitudes of the phase current
differences and the probabiliy of correct polarity detection.

of the corrected rotor-position estimates at different DC-link
voltages as functions of the mean phase current. At small
currents, the estimation quickly improves as we inject longer
pulses. At approximately 1 A, the improvement slows down
and the current as well as the pulse length have to be in-
creased significantly to further reduce the standard deviation
of the estimation error.

The polarity is correctly detected if the absolute value of
the estimation error AY” of the difference-based estimate
is smaller than « = 180°. Let N denote the number of
rotor positions where the polarity is correctly detected. Then
we can define the probability of correct polarity detection
(P,',"'”") as the ratio of N to the total number of rotor
positions which was 400.

N

Py = P(Ai?| < a) = 1o

(114)
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The probabilities of correct polarity detection are plotted in
Figs. 42 and 43 as functions of the mean phase current and the
amplitude of the phase current difference, respectively. The
probability of correctly detecting the position increases as the

D. APPLICATION AREAS AND LIMITATIONS

‘We formulated the polarity-dependent quadratic term of the
flux-current function in the most general form mathemati-
cally posslble therefore, the pmposed flux-linkage (10) and

mean phase current and the amplitude of the current differ- voltage 2 s (11) are > to any three-phas

ence increases, however, in terms of polarity detection, only a star- PMSM. The ification method
correctness of 100 % is acceptable. The lower limits of 100 % presented in Section IV is also applicable to any three-phase
correctness are ijgoy, = 3.88A and Aijggy = 31mA. star-connected PMSM, however, it requires access to the star

By using (113) and substituting 109 . the approximated
amplitude of the phase current difference is 38 mA.

C. PULSE-LENGTH SELECTION

The measurement data show that a sufficiently high ampli-
tude of phase current difference ensures that the polarity
detection is 100 % correct. We decided to set the limitation
Aigesign > 100¢z. In our drive system, the required mini-
mum value for the difference amplitude was

Digesign = 100¢y = 44mA. (115)

This value does not depend on the DC-link voltage. Using
(113), the required minimum mean phase current was

o = 4ITA. (116)

idesign =
ddd

The required amplitude of current difference and mean
current are independent of the DC-link voltage.

By inverting (111), substituting igesign and solving for the
time, the minimum pulse length required to fulfill (115) is
obtained.

Upe . Laa+Lyg 3 R
Tieten = —E ln( 2 Tpe
Table 7 lists the calculated pulse lengths.

d) 117

TABLE 7. The calculated pulse lengths at several DC-link voltages.

DC-Tink voltage | Pulse lengih
Unc Tyhs

8V 5355
2V T Aps
36V 30645

A lower DC-link voltage requires a longer pulse length to
achieve the desired current level. A longer pulse length has a
lower fundamental harmonic and results in a higher chance or
amplitude of rotor movement. During our measurements, we
monitored the rotor position using the factory-mounted 13-bit
encoders on the test motors. The movement of the rotor did
not cross more than one bit boundary, resulting in a maximum
rotor oscillation of 0.0879°.

Since the fade-out times of the phase currents after the
injections were around one millisecond long, we set the idle
time between the pulses at 2 ms. The total duration of the six
injections was between 12 and 12.5 ms. If the total duration
of the initial position detection method is of concern, then the
length of the second pulse in the reference direction can be
shortened to stop the injection closer to the zero-crossings of
the phase currents.

VOLUME 4, 2016

Author et al.: Preparation of Papers for IEEE TRANSACTIONS and JOURNALS

point of the motor and has additional hardware requirements
depending on the desired accuracy. The spatial harmonic
content of the elements of the abc Hessian may be dependent
on the geometry and dimensions of the PMSM type. In
addition, the constants appearing in the idealized Hessian
(71) and in (55)—(66) also might be machine-type specific.

The presented initial position detection algorithm is ap-
plicable if the current response is fast enough to avoid ro-
tor . The pulse-length selection method
requires the knowledge of the polarity-dependent saliency
coefficient I'g and the standard deviation of the current mea-
surement oy, besides the standard model parameters. The
implemented method utilizes in-line (series with the motor,
see Fig. 6) of all three ph: rents. Using
only two in-line current sensors is possible with minimal
changes in the algorithm based on Kirchhoff’s first law. Us-
ing another current measurement topology, such as low-side,
high-side, or DC-link current measurement, is also possible,
however, it would require adapting the calculation formulae.

The algorithm is designed for zero-speed no-load condi-
tion and it is not targeting free-running. The signal injection
is performed without modulation and cannot be superim-
posed on fundamental excitation. The algorithm determines
the initial rotor position in electrical angles, not mechanical
angles; for multiple pole-pair machines that means an am-
biguity in the mechanical rotor position depending on the
number of pole-pairs.

X. CONCLUSION

‘We proposed an extended PMSM model that captures the
polarity-dependent saliency using a quadratic flux linkage-
current function as well as successfully predicts the transient
and rotor position-dependent behavior of our test motors. We
managed to mtegrale the quadratic term of the flux model into
the traditional machine modeli k by identifying
the Park and inverse Park transforms of the quadratic terms
and Hessian matrices. We introduced a new machine pa-
rameter, g, to characterize the polarity-dependent saliency
and presented a measurement process to determine its value.
‘We validated the extended machine model using extensive
measurement and experimental data.

A sensorless initial position detection method was devel-
oped that uses only a finite number of voltage pulses and
current response measurements, moreover, does not require
a sinusoidal or other high-frequency signal injection-based
saturation-tracking method to determine the +d/—d axis
first. The method requires six voltage injection steps and
current sampling occurs only once during each injection step,
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however, all three phase currents have to be sampled in a
synchronized way.

There are many drives that have two or even just one
current sensor and the neutral points of most PMSMs are
not accessible. The adaptation of our method to them and
the determination their I'y parameter require further research.
Similarly to the inductance and resistance parameters, I'g is
presumably frequency-dependent. The extended model may
be simplified for machines that have small phase resistances
by neglecting the resistive voltage drop.

The signal processing of the presented method is com-
putationally inexpensive and can be further simplified if
correcting for the winding differences is unnecessary. Our
extended model may be helpful in the development of state
observers that continuously monitor the magnet polarity as
well as in machine design and diagnostic algorithms.
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